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Abstract In this work we investigate temperature de-
pendence of electronic structure of system with strong
electronic correlations and strong electron-phonon in-
teraction modeling cuprates in the frameworks of the
three-band p-d-Holstein model by a polaronic version
of the generalized tight binding (GTB) method. Within
this approach the electronic structure is formed by pola-
ronic quasiparticles constructed as excitations between
initial and final polaronic multielectron states. Temper-
ature effect is taken into account by occupation num-
bers of local excited polaronic states and variations in
the magnitude of spin-spin correlation functions. Tem-
perature increasing leads to broadening of the spectral
function peak at the top of the valence band, shift of
the peak, the decreasing of the peak intensity.
Keywords Cuprate superconductors · Strong elec-
tronic correlations · Electron-phonon interaction ·
Franck-Condon resonances · Polaron · Band structure
PACS 71.38.-k · 74.72.-h
1 Introduction
There is still the unsolved question of how electronic
structure of cuprates in the normal phase is formed
from the undoped La2CuO4. Besides the strong electron
correlation (SEC) that results in the Mott-Hubbard in-
sulator ground state of La2CuO4, the undoped copper
oxides may have also strong electron-phonon interac-
tion (EPI). The experimental indications for the strong
EPI have been found by the ARPES measurements in
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the compound Ca2CuO2Cl2 that have revealed unusu-
ally large linewidth (∼ 1 eV) in comparison to the nar-
row line in isostructural Sr2RuO4 [1]. Width of the peak
grows with temperature increasing, wherein its position
is shifted deep into the band and its spectral weight is
lowered [2,3]. Spectra in the optical experiments also
demonstrates large temperature effect [4]. Explanation
of the origin of such experimental features can serve
as a key to understanding the nature of quasiparticles
forming the electronic structure of cuprates.
Within several theoretical approaches it was con-
firmed that the key factor for description of ARPES
spectra and its temperature dependence in the undoped
cuprates is constructive interplay between strong EPI
and strong Coulomb [5,6,7]. In Ref. [8] a growth of
the linewidth, binding energy enhancement and spec-
tral weight damping with temperature increasing were
obtained within the t− J-Holstein model in the frame-
works of Hybrid Dynamical Momentum Average self-
consistent method. Study of the t − J-Holstein model
within adiabatic approximation [9] in Ref. [7] also re-
sults in the temperature dependence of linewidth.
The t − J model is known to be the effective low-
energy model for cuprates [11,12,13]. The multiphonon
excitations in the systems with strong EPI results in the
electron states beyond the low-energy window. That is
why more general approach in the framework of the
multiband p−d model with SEC and strong EPI is de-
sirable. In this work we will investigate electronic struc-
ture of polaronic excitations in the system with SEC
and strong EPI the prototype of which is the undoped
single-layer cuprate La2CuO4 in wide interval of tem-
peratures (from 10 to 760 K). We will use three-band
p− d-Holstein model within the polaronic Generalized
Tight-Binding (p-GTB) method [14].
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2 Three-band p− d-Holstein model within
polaronic GTB-method at finite temperature
The GTB method [15,16,17] is a cluster perturbation
theory approach, it includes exact diagonalization of
the Hamiltonian for a lattice of separate clusters with
different number of fermions in each cluster, construc-
tion of Fermi-type excitations between multielectron
eigenstates of the cluster described by Hubbard op-
erators and perturbation treatment of all intercluster
hoppings and interactions to obtain band structure. In
the p-GTB method basis cluster states contain elec-
tron and phonon wave functions, eigenstates are pola-
ronic states and excitations between local eigenstates
are multiphonon Franck-Condon processes [14].
It is widely accepted that a low-energy electronic
structure of HTSC cuprates is formed by distribution
of holes in the CuO2 plane over copper dx2−y2 (here-
inafter d) and oxygen px,y orbitals. Phonon system will
be described by dispersionless local vibrations, light O
atoms vibrate relative to the fixed heavy Cu atoms. EPI
is written as a renormalization of on-site energy on Cu
atom caused by oxygen atom displacement. Thus the
three-band p− d-Holstein model is written as:
H = Hel +Hph +He−ph
Hel =
∑
fσ
εdd
†
fσdfσ +
∑
αhσ
εpp
†
αhσpαhσ +
+
∑
fhασ
(−1)Rhtpd
(
d†fσpαhσ + h.c.
)
+
+
∑
αα′h6=h′σ
(−1)Mhh′ tpp
(
p†αhσpα′h′σ + h.c.
)
+
+
∑
f
Udd
†
f↑df↑d
†
f↓df↓ +
+
∑
h
Upp
†
αh↑pαh↑p
†
αh↓pαh↓ +
+
∑
αfhσσ′
Vpdd
†
fσdfσp
†
αhσ′pαhσ′
Hph =
MO
2
∑
h
(
u˙2h + ωO
2u˙2h
)
He−ph =
∑
fσ
(∑
h
(−1)Shgduh
)
d†fσdfσ (1)
Here dfσ and pαhσ are the operators of hole annihi-
lation with spin σ on d-orbital of the copper atom f
and px(py)-orbital of the oxygen atom h, respectively.
h runs over two of the four positions of planar oxygen
atoms neighboring to Cu atom in octahedral unit cell
centered on site f at each α, h = (fx ± a/2, fy) if α = x
and h = (fx, fy ± b/2) if α = y, a and b are the lattice
parameters. εd is the on-site energy of hole on Cu ion
and εp is the same on O ion; tpd is the amplitude of
nearest-neighbor hopping between d-orbitals of Cu ion
f and px,y-orbitals of O ion h in CuO2 plane and tpp
is the amplitude of nearest-neighbor hopping between
px,y-orbitals of the oxygen atoms h and h
′. The phase
parameters Rh and Mhh′ are determined by phases of
overlapping wave functions. Ud is the Coulomb interac-
tion of two holes on the same copper atom and Up is the
same for oxygen atom, Vpd is the intersite Coulomb in-
teraction. We will use the following parameters of elec-
tronic Hamiltonian Hel (in eV):
εd = 0, εp = 1.5, tpd = 1.36, tpp = 0.86
Ud = 20, Up = 18, Vpd = 14, (2)
on-site energies and hopping integrals were obtained for
La2CuO4 from LDA+GTB method [17]. In Hph and
He−ph uh = ξ
(
e†αh + eαh
)
is the operator of oxygen
atom h displacement, where ξ =
√
h¯
2MOωO
, MO is the
mass of oxygen atom. e†αh is the operator of creation
of local phonon with frequency ωO, α denotes direc-
tion of atom h displacement. Phonon energy h¯ωO =
0.04 eV. For oxygen atom h = (fx ± a/2, fy) (h =
(fx, fy ± b/2)) displacement is along α = x (y) axis.
gd is the parameter of the diagonal EPI between hole
on d-orbital and phonon. The phase parameter Sh = 0
for h = (fx + a/2, fy) , (fx, fy + b/2) and Sh = 1 for
h = (fx − a/2, fy) , (fx, fy − b/2), it is consistent with
modulation of the on-site energy. We introduce dimen-
sionless EPI parameter λd = (gdξ)
2
/
Wh¯ωO, W is the
bandwidth of the free electron in tight-binding method
without EPI, we accept here W = 2.6 eV.
Since each planar oxygen atom belongs to the two
CuO6 clusters at once we should make orthogonaliza-
tion procedure. We proceed from the hole |pxh〉, |pyh〉
and phonon e†xh |0〉, e†yh |0〉 atomic oxygen orbitals to
the molecular oxygen orbitals |bf 〉, |af 〉 andA†f |0〉,B†f |0〉
by transformation in the k-space [18]:
bk =
i
µk
(skxpxk − skypyk)
ak = − i
µk
(skypxk + skxpyk)
Ak = − i
µk
(skxexk + skyeyk)
Bk = − i
µk
(skyexk − skxeyk) (3)
where skx = sin (kxa/2), sky = sin (kyb/2) and µk =√
s2kx + s
2
ky.
After orthogonalization procedure Hamiltonian H
can be divided on the intracluster part and intercluster
interactions:
H = Hc +Hcc, Hc =
∑
f
Hf , Hcc =
∑
fg
Hfg (4)
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Fig. 1 Schematic picture of the multielectron vibronic eigen-
states of CuO6 cluster (black horizontal lines) with hole num-
bers nh = 0, 1, 2 and Fermi-type excitations between them.
Black solid arrows denotes excitations with nonzero spectral
weight at T = 0 K due to occupation of single-hole ground
state (black cross) for undoped La2CuO4. At nonzero temper-
ature excited single-hole states are thermally occupied (red
crosses) and excitations involving these states acquire spec-
tral weight (red dashed arrows).
Eigenstates of the CuO6 cluster with hole numbers
nh = 0, 1, 2 obtained by exact diagonalization of Hamil-
tonian Hf include hole and phonon basis wave func-
tions:
|0, ν〉 = |0〉|ν〉, ν = 0, 1, ..., Nmax,
|1σ, i〉 =
Nmax∑
ν=0
(
cdiν |dσ〉 |ν〉+ cbiν |bσ〉 |ν〉
)
,
|2, j〉 =
Nmax∑
ν=0
(
cZRjν |ZR〉 |ν〉+
+ cddjν |d↓d↑〉 |ν〉+ cbbjν |b↓b↑〉 |ν〉
)
(5)
Indexes i, j numerate the ground and excited eigen-
states, ZR is the Zhang-Rice singlet state, |ν〉 - phonon
state with phonon number nph = ν. Phonon state |ν〉
are ν-times action of phonon creation operator A† on
vacuum state of harmonic oscillator:
|ν〉 = 1√
ν!
(
A†
)ν |0, 0, ..., 0〉 (6)
Nmax is the cutoff for number of phonons, it is calcu-
lated for each certain set of parameters from the follow-
ing condition: addition of phonon number above Nmax,
N > Nmax, does not change the electron spectral func-
tion. The value Nmax mainly depends on the EPI cou-
pling parameter. Similar description of the local pola-
ronic states has been discussed previously [19].
A scheme of multielectron and multiphonon CuO6
cluster levels (5) is depicted in Fig. 1. The Fermi-type
multiphonon excitations (arrows in Fig. 1) describe the
Franck-Condon processes. Each excitation from cluster
eigenstate |q〉 to final eigenstate |p〉 can be described
by the Hubbard operator Xpqf = |p〉 〈q|. The Fermi-
type operators of annihilation of hole on copper and
oxygen orbital can be expressed in terms of the Fermi-
type Hubbard operators Xpqf :
dfσ =
∑
pq
γdσ (pq)X
pq
f
bfσ =
∑
pq
γbσ (pq)X
pq
f (7)
The phonon annihilation operator is expressed through
the Bose-type Hubbard operators Zpp
′
f :
Af =
∑
pp′
γA (pp
′)Zpp
′
f (8)
where states |p〉 and |p′〉 have the same number of holes
and belong to the same sector of Hilbert space |nh〉.
Since we will study the electronic states close to the
top of the valence band that in our model is the elec-
tronic lower Hubbard band (LHB), the Franck-Condon
processes will be denoted by “index of single-hole eigen-
state - index of two-hole eigenstate”, i− j.
Hamiltonians Hc and Hcc in Eq. (4) are rewritten
in the terms of Hubbard operators:
Hc =
∑
f
∑
l
ε0lZ
0l,0l
f +
∑
i
ε1iZ
1i,1i
f +
∑
j
ε2jZ
2j,2j
f

Hcc =
∑
f 6=g
[∑
mn
2tpdµfgγ
∗
dx (m) γb (n)
†
Xmf X
n
g −
−
∑
mn
2tppνfgγ
∗
b (m) γb (n)
†
Xmf X
n
g
]
(9)
Here ε0l, ε1i, ε2j are the energies of cluster eigenstates
with nh = 0, 1, 2. The intercluster interactions result
from the p− d and p− p hoppings of the Hubbard po-
larons between clusters, we consider hopping up to sixth
neighbors. To obtain the band dispersion and spec-
tral function of Hubbard polarons we use the equa-
tion of motion for the Green function Dmn (f ,g) =〈〈
Xmf
∣∣ †Xng〉〉, where m,n are the quasiparticle band
indexes, this index is uniquely defined by initial and fi-
nal states of excitation m ≡ (p, q). The set of equations
of motion is decoupled in the generalized Hartri-Fock
approximation by method of irreducible Green func-
tions [20,21,22,23] taking into account the interatomic
spin correlation functions. The Dyson equation for the
matrix Green function Dˆ (f ,g) in the momentum space
has the form
Dˆ (k;ω) =
[
Dˆ−10 (ω)− Fˆˆ˜t (k) + Σˆ (k;ω)
]−1
Fˆ (10)
In this equation Dˆ0 is the exact local Green function, its
matrix elementsDmn0 = δmnF (m)/(ω −Ω (m)),Ω (m) =
Ω (pq) = εp− εq is the energy of the quasiparticle exci-
tation between states q and p, matrix elements Fmn =
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F (m) δmn, F (m) = F (pq) = 〈Zpp〉 + 〈Zqq〉 is the fill-
ing factor of the quasiparticle. The matrix of interclus-
ter hopping ˆ˜t (k;ω) is determined by p − d and p − p
hoppings, t˜mnk =
∑
λλ′
γ∗λ (m)γλ′ (n) t˜
λλ′
k . Σˆ (k;ω) is the
self-energy operator containing spin correlation func-
tions.
Averages 〈Zpp〉 is self-consistently determined from
the condition of completeness
∑
nhp
Znhp,nhpf = 1 and the
chemical potential equation (here n is the hole concen-
tration for La2−xSrxCuO4):
n = 1 + x =
∑
nhp
nh · 〈Znhp,nhp〉 (11)
where p runs over all eigenstates in the corresponding
Hilbert space sector and from the Boltzmann distribu-
tion n1i = n10 exp
(− ε1i−ε10kT ) for a given temperature.
At T = 0 K only the ground single-hole state is filled
and hence only excitations involving the ground single-
hole state |1, 0〉 have a non-zero spectral weight (solid
black arrows in Fig. 1). Filling of ground state falls
whereas occupation of 1th, 2th and 3rd excited single-
hole states monotonically grows with increasing tem-
perature.
We will describe the short-range order in the para-
magnetic state as the isotropic spin liquid with zero
spin projections and non-zero spin correlation functions
following to Refs. [22,24,25]. Spin correlators for dop-
ing x = 0.01 at T = 0 K was taken from Ref. [23]
and their damping with temperature increasing is taken
from Ref. [24].
3 Temperature dependence of the electronic
structure in the system without EPI
Without EPI the LHB band structure at T = 0 is
formed by 0−0 quasiparticle (excitation between single-
hole and two-hole ground states without phonons) band
and set of dispersionless degenerate Franck-Condon res-
onances with zero spectral weight. The thermal occupa-
tion of the excited single-hole states and non-zero ma-
trix elements due to the interband hopping t˜mn (m 6= n)
will result in the hybridization of the Hubbard band 0−
0 and the phononless Franck-Condon excitations 1− 1,
2− 2, 3− 3 etc. (Fig. 2). Spectral weight of these pure
electronic phononless excitations grows and is redis-
tributed between them with increasing temperature. As
a result of quasiparticles hybridization the 0−0 band is
splitted at the energyΩ (1− 1) on two parts (Fig. 2(b)).
The upper part of the valence band is strongly modi-
fied under temperature increasing. Near T = 200 K the
local maximum at the point k = (pi/2, pi/2) becomes
local minimum by energy increase at points Γ = (0, 0)
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Fig. 2 Evolution of the band structure of the quasiparti-
cle excitations with increasing temperature for the system
without EPI (λd = 0). (a) T = 10 K, (b) T = 100 K, (c)
T = 400 K. The conductivity (valence) bands are shown on
the upper (lower) panel of each figure. Color in each k-point
indicates the spectral weight of quasiparticle.
and M = (pi, pi). Further temperature increase results
in energy growth at Γ and M points (Fig. 2(c)). The
width of the whole band is increased.
4 Temperature dependence of the electronic
structure of the polaron quasiparticles
The EPI leads to nonzero probability of multiphonon
excitations (0 − 1, 0 − 2, 0 − 3 etc.). These excita-
tions acquire spectral weight, weak dispersion and be-
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Fig. 3 Evolution of electronic structure at EPI constant λd = 0.3 with increasing temperature. Band structure of the valence
band with spectral weight of quasiparticles in each k-point (spectral weight is displayed by color) at (a) T = 200 K, (b)
T = 400 K. Note that spectral weight scale decreases with increasing temperature. (c) Broadening of spectral function peak
(inset), damping of the its intensity and shift of the peak with increasing temperature are shown at k =
(
pi
2
, pi
2
)
for different
temperatures (T = 10 K, T = 200 K, T = 400 K, T = 760 K). (d) Polaron spectral functions at T = 10 K and T = 760 K for
λd = 0.3 at different k-points. Lorentzian width δ = 0.03 eV.
gin to interact with 0 − 0 polaron. Therefore a num-
ber of Hubbard polaron subbands in the valence band
(and in the conductivity band) appears. Electron spec-
tral weight transfers from the coherent dispersive high-
intensity 0 − 0 quasiparticle to the incoherent multi-
phonon excitations with the EPI coupling increasing.
Electron spectral function
A (k, ω) =
(
− 1
pi
) ∑
λλ′σmn
γ∗λ′σ (n) γλσ (m)×
× Im
〈〈
Xmk
∣∣∣∣ †Xnk〉〉
ω+iδ
(12)
at each k-point is formed by several peaks reflecting
the Franck-Condon excitations. Taking into account fi-
nite lifetime of quasiparticles the multipeak structure of
spectral function can be transformed into single broad
peak if the EPI constant is large enough. In spite of
large number of the Franck-Condon excitations crossing
and lost of the coherency the LHB original dispersion
of electronic model without EPI is mainly preserved.
At zero temperature the main peak of spectral func-
tion is formed by excitation from the occupied ground
single-hole eigenstate to excited multiphonon polaron
two-hole state for which the Franck-Condon factor is
largest. Filling of excited single-hole states with one,
two, three etc. thermal phonons grows with increas-
ing temperature and such excitations as 1 − 0, 2 − 0,
1−2 etc. acquire spectral weight. Spectral weight of the
quasiparticles which are primary formed by these new
multiphonon excitations involving excited eigenstates
also increases. Generally contributions of different mul-
tiphonon excitations to complex quasiparticle forming
specific polaron subband are redistributed with chang-
ing temperature. Peaks of emerged quasiparticles are
satellites of the main peak. Intensity of the main peak
falls, intensity of satellites increases with temperature.
Redistribution of spectral weight between quasiparti-
cles involving ground and quasiparticles involving ex-
cited single-hole eigenstates causes the changes in width
and shape of the resulting spectral function peak. Split-
ting of the LHB on the number of Hubbard polaron sub-
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bands and redistribution of spectral weight over these
subbands occurs in addition to temperature transfor-
mation of 0− 0 quasiparticle band (Fig. 3(a),(b)) that
has been discussed in the previous Section 3. For large
EPI λd = 0.3 all spectral weight results from the mul-
tiphonon excitations. The main effects of temperature
growth are broadening of spectral function and damp-
ing of its maximal intensity (Fig. 3(c)). Value of the
FWHM ΓFWHM grows in 1.3 times with increasing
temperature from T = 200 K to T = 400 K (inset
if Fig. 3(c)) whereas in the ARPES ΓFWHM is dou-
bled [3]. For the temperatures from T = 200 K to
T = 760 K our calculations show that ΓFWHM in-
creases more than twice. Thus broadening of spectral
function with increasing temperature is qualitatively in
agreement to ARPES spectra.
The temperature effect on spectral function depends
on momentum value (Fig. 3(d)). Shift of the coherent
high-intensity peak of the electron spectral function in
the valence band has different value and direction at dif-
ferent k-points. This shift is caused by reconstruction
of quasiparticle band and results from the splitting of
0−0 band due to hybridization and the weakening of the
spin-spin correlations. Direction of the shift of the main
peak at the points k = (pi/2, pi/2) and k = (0.67pi, 0)
is in agreement with the peak shift in the ARPES ex-
periments [2] at the same points of momentum space.
It is seen that at the points k = (pi, 0) and k = (pi, pi)
coherent peak shifts to higher electron energies (lower
binding energy in ARPES) (Fig. 3(d)). It results in the
decreasing of the insulator gap with increasing temper-
ature. This fact is in agreement with data of reflectivity
measurements and ε2 spectra in the La2CuO4 [26].
5 Conclusion
The temperature dependence of electronic spectra cal-
culating in the frameworks of p-GTB method is in qual-
itative agreement with ARPES spectra. Regime of large
EPI was considered to reproduce broad peak of spectral
function similar to that observed in the ARPES spectra
in the undoped cuprates. We have obtained broadening
of the peak of the electron spectral function, the reduc-
tion of its maximal intensity, shift of the peak and the
decreasing dielectric gap with increasing temperature.
The FWHM of the spectral function peak at 400 K is
1.5 times larger than at T = 10 K and 2.6 times larger
at 760 K. The peak shift is smaller than in ARPES
data.
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